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We analyze the orientation dependence of harmonic amplitudes and phases from laser driven H2
+. We use the
Lewenstein model, with and without employing the saddle-point approximation for the summation over elec-
tron momenta. This means that the direction of the electron motion is not necessarily restricted to the laser
polarization axis in contrast to previous implementations. The model predicts smooth phase jumps by almost 
in the orientation dependence. This demonstrates that the smoothness can be explained without Coulomb
effects, but these may be relevant for the size of the phase jumps observed in recent experiments.
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I. INTRODUCTION
High-order harmonic generation HHG from atoms in
strong laser fields is a well-known process 1,2, which has
been widely studied both theoretically and experimentally in
the past two decades. It is the conversion of many infrared or
visible laser photons into one high-frequency photon in the
extreme ultraviolet xuv range. In the last years, the interest
in molecular gases instead of atomic gases as generating me-
dium has grown strongly. One reason is that molecules have
more degrees of freedom, providing additional “control
knobs” for optimizing the emitted harmonics. The use of the
rotational degree of freedom, for example, is facilitated by
the recently developed experimental techniques 3 to control
the alignment of molecules, before the driving laser pulse
generates harmonics 4,5. Another reason is that HHG can
be a tool to observe molecular structure and dynamics
6–10.
Early insights into the physical mechanism behind har-
monic generation can be found in 11. The physical picture
of the harmonic-generation process is summarized by the
“simple-man’s model” also known as the “three-step model,”
proposed in 12 and successfully confirmed by later studies
13. The model describes the microscopic response only.
For the macroscopic response of the medium not discussed
here, propagation effects 14 should be accounted for as
well. The simple-man’s model describes HHG as consisting
of three steps: 1 the atom or molecule is tunnel ionized by
the laser field; 2 the created electronic wave packet is sub-
sequently accelerated by the laser field and driven back to the
ion, and 3 the wave packet upon its return may recombine
to the initial ground state. The kinetic energy Ekin acquired
by the active electron during step 2 is released in the form
of an attosecond burst of xuv light with photon energy 
=Ekin+ Ip, where Ip is the ionization potential. The process
repeats itself every half optical cycle, thus leading to the
creation of a train of attosecond pulses 15.
In recent experiments on CO2 16–18, it has been
achieved to measure not only the amplitudes of the harmon-
ics in molecular HHG, but also their phases. When the de-
pendence of the phase on the molecular orientation is studied
for fixed harmonic frequency, one finds a smooth and rapid
variation around the orientation angle at which the amplitude
is minimal. The size of this phase jump is around  or
smaller than  16,17. A similar phase jump is observed in
the frequency dependence for fixed alignment 18. The
minimum of the harmonic amplitudes at a certain orientation
angle is a signature of the structure and orientation of the
molecule. For simple molecules e.g., H2
+, this minimum can
be understood as being due to the two-center interference
phenomenon 19, while for more complex molecules e.g.,
CO2 additional effects such as various ionization channels
may have to be taken into account 20.
The phase is an essential ingredient to recover the mo-
lecular orbital symmetry in the tomographic reconstruction
procedure 6. Also, it allows for the reconstruction of the
time profile of attosecond pulses 18. The complete tempo-
ral characterization of the attosecond emission is relevant for
experiments which would make use of the attosecond pulse
train to extend quantum control to the xuv and attosecond
regime.
A suitable theoretical tool to analyze the harmonic phase
is the quantum-mechanical version of the three-step model,
known as the strong-field approximation SFA or the Le-
wenstein model 21. This model involves a three-
dimensional 3D integration over all possible momenta of
the active electron between ionization and recombination. In
the usual implementation, the integrand is evaluated by using
the saddle-point approximation SPA 13,21, i.e., the inte-
grand is replaced by an expression that accounts only for the
most contributing momentum. This SPA procedure is similar
to the selection of the most contributing classical trajectory
in the Feynman path integral formalism. A characteristic fea-
ture of the saddle-point SFA SP-SFA is that the continuum
electron always moves parallel to the laser polarization. The
other major approximation in this model is that it does not
incorporate the effect of the Coulombic atomic or molecular
binding potential. This implies that the recombination step is
described by a transition matrix element with a plane wave
for the continuum state. In a simple picture, the orientation
dependence in HHG is mainly determined by this matrix
element with the plane-wave momentum along the laser field
and its value fixed by the energy conservation as explained in
step 3. This picture predicts sudden phase jumps by  see
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Fig. 1 of 22. Sharp jumps are also produced by versions of
the SFA 23 where an additional saddle-point approximation
is applied to the temporal Fourier transformation. In recent
calculations of the recombination matrix elements, the plane
waves that describe the returning electron in the SFA have
been replaced by two-center continuum wave functions 22.
The predicted phase jump is smooth and differs from .
Therefore, Coulomb effects have been invoked as a possible
explanation of the measured data in 18.
The purpose of this work is to investigate the full predic-
tion power of the plane-wave SFA model for the harmonic
emission, without using the SPA. Our main focus is the har-
monic phases for both the harmonics polarized along and
perpendicular the direction of the laser electric field. Our
calculations are therefore also relevant for the interpretation
of the experimental data concerning the polarization of the
harmonics from CO2 24. In the latter work it has been
pointed out that the SP-SFA model breaks down at orienta-
tion angles of 0° and 90° of CO2 relative to the laser field
due to the nodal planes of the g highest-occupied molecular
orbital in the CO2 molecule. For symmetry reasons, SP-SFA
wrongly predicts no harmonic emission at these angles. We
present here the predictions of the exact SFA model EX-
SFA, which includes all electron momenta between ioniza-
tion and recombination. This implies that the momentum of
the returning electron need not be strictly parallel to the laser
polarization. We compare EX-SFA to the results obtained
from the SP-SFA and to the Coulomb-corrected results of
22. We demonstrate that the smoothness of the phase jump
is explained within the plane-wave model and does not re-
quire Coulomb effects. Taking Coulomb effects into account
by using two-center continuum functions 22 within the
present SFA formalism is desirable but causes numerical
problems due to the normalization factor being singular at
zero momentum. The singularity could be avoided by using
the saddle-point approximation for the return time 23.
Atomic units are used throughout this work, unless otherwise
specified.
II. THEORY
We consider the H2
+ molecular ion, at fixed internuclear
separation R=2 a.u. interacting with linearly polarized laser
pulses. We work in the length-gauge version of the dipole
approximation, i.e., the Hamiltonian of the laser-field-driven
system reads Ht=H0+Et ·r, where H0 is the field-free
Hamiltonian of H2
+, Et is the electric field of the laser pulse,
and r is the electron coordinate. Instead of the time-
dependent dipole moment, we calculate the time-dependent
dipole momentum, since for simple molecules this approach
the velocity form was shown to give more accurate results
within SFA. To obtain the harmonic spectrum, one has to
take the modulus squared Fourier transform of the dipole
acceleration. The latter is calculated as the time derivative of
the dipole momentum. In the SFA model, the expression for
the dipole momentum reads:
Pdipt = − i
0
t
dt d3p vrec „p + At…
 exp− iSp,t,tdion„p + At,t… , 1
where At=−tdtEt. The quantities vrec and dion are
the recombination and the ionization matrix elements, re-
spectively. The ionization matrix element describes the
transition from the initial bound state 0 to a con-
tinuum state here approximated by a plane wave via
the interaction with the external electric field, dionp , t
= 2−3/2expip ·rEtz0	. The recombination matrix el-
ement describes the transition from a continuum state to the
initial state: vrecp= 2−3/2expip ·r− p̂0	. Here, z is
the coordinate along the laser polarization direction, and p̂ is
the momentum operator of the electron. For this work, we
consider the gerade g ground state of H2
+ and the ungerade
u 1
st excited state of a modified H2
+ system with nuclear
charges chosen to yield the same ionization potential as the
g state. Each state is approximated by a linear combination
of two atomic orbitals LCAO. The atomic orbitals are hy-
drogenic 1s wave functions with an exponential decay cor-
responding to an atomic nuclear charge ZAO=1.11 for the g
state. This nuclear charge value minimizes the LCAO
ground-state energy expectation value. For the u state we
use ZAO=1.49. This value follows from requiring that the
minimization of the u energy expectation value gives the
same ionization potential as the g state. The total quantum
mechanical phase accumulated by the electron between the
ionization time t and the recombination time t is given by
the semiclassical action Sp , t , t= t− tIp+t
t dtp
+At2 /2, with Ip=1.1 a.u. being the ionization potential
of the initial bound state 0. In the usual SP-SFA, the inte-
gration in Eq. 1 over the electron momenta p is approxi-
mated by the saddle-point method, with the saddle-point mo-
mentum pst , t=−t
t dtAt / t− t 21. The use of only
one momentum value can be interpreted as taking into ac-
count only the most contributing electron trajectory for every
pair of times t , t, while neglecting the rest. In our work,
we calculated fully the expression in Eq. 1, without resort-
ing to the SPA for the integration over momenta. This means
that apart from the two-dimensional integration over the ion-




























































FIG. 1. Color online Left panels—comparison of the EX-SFA
black, continuous curves and the SP-SFA red, dashed curves
calculations for the 43rd harmonic: a the harmonic intensity and
b the harmonic phase as a function of the molecular orientation
angle. Right panels—harmonic spectrum for the orientation 
=20°: c SP-SFA result and d the EX-SFA result.
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ization and the recombination times required, one has to add
an extra three-dimensional integration over all possible elec-
tron momenta to obtain the HHG spectrum. We have accom-
plished this formidable numerical task with the help of the
generalized Feynman identity 25 and of a specifically tai-
lored numerical quadrature method 26. The Feynman iden-
tity is used to analytically integrate over the orientation of
the electron momenta, thus reducing the integral to a two-
dimensional one keeping in mind that the use of the Feyn-
man identity introduces one additional integration. For one
variable, the integration range is finite and the integrand is
very smooth, while for the other variable the integration is of
the type of a Fourier transformation over the real semi-axis.
The latter is done numerically with the help of the method
described in 26.
To emphasize the drawback of the SP-SFA, we inspect the
expression of the ionization matrix amplitude, remembering
that ps is oriented along the laser polarization axis. If 0
possesses mirror antisymmetry and the field is parallel to the
nodal plane of 0, then dion is identically zero and no pre-
diction for the harmonic spectrum is possible. Moreover, for
any orbital orientation within the velocity form of the SP-
SFA, there are no predictions for the harmonics polarized
perpendicular to the laser field. This problem arises because
the momentum operator in the expression for vrec can be
taken to act on the plane wave, leading to vrecps 
 z. These
shortcomings are not present when the full calculation is
performed according to Eq. 1. On the other hand, the SPA
significantly reduces the computational effort, while provid-
ing in many cases an acceptable level of accuracy see be-
low. The figures show results for harmonics polarized par-
allel to the field, unless otherwise specified.
III. RESULTS AND DISCUSSION
Figure 1 shows a comparison between the results of the
full calculation EX-SFA and the SP-SFA for the g ground
state. The laser pulse has an intensity of 51014 W /cm2
and a central wavelength of 780 nm. The electric field of the
laser pulse has a trapezoidal envelope, with 5 optical cycles
each for turn on and off and 5 cycles of constant amplitude.
In the figure, we analyze the 43rd harmonic in order to com-
pare directly to Fig. 1 in 22. The phase change across the
value of the orientation angle where the amplitude goes
through a minimum is smoother in the EX-SFA than in the
SP-SFA in this case as well as in the majority of cases, but
not always. The positions of the amplitude minimum are
slightly different in the two calculations. The difference with
respect to earlier results from the time-dependent
Schrödinger equation 19 is related to the fact that we do not
include the ad hoc correction of the return energy by Ip that
was suggested in 19. An important observation is that the
width of the phase jump is larger than the width in Fig. 1 of
22, which was purely due to Coulomb effects. Panels c
and d of Fig. 1 show that the HHG spectra are overall
rather similar in the two calculations.
Figure 2 shows the comparison between the EX-SFA and
SP-SFA for three different harmonic orders. The 41st, 61st,
and the 83rd harmonics are located in the harmonic plateau
region, close to cutoff, and shortly after the cutoff at
3.17Up+ Ip=80.5L, respectively. Up is the ponderomotive
potential and L is the laser frequency. The SPA results are
seen to follow roughly the EX-SFA results, except for some
angles where the agreement is less satisfactory. For the 41st
harmonic, the phase is almost constant, since there is no fully
developed minimum in the harmonic amplitude. For the
other two harmonics, the phase undergoes a change by ap-
proximately  when the amplitude passes through the mini-
mum.
In Fig. 3, the initial state is taken to be the u state.
Clearly visible here is that the SP-SFA fails near the orien-
tation angle =90°, as expected.
We proceed with the analysis of the harmonics polarized
perpendicular to the laser field. Figure 4 shows the results for
the g state. Compared to the harmonics polarized along the
laser polarization direction see Fig. 2, these harmonics are
at least two orders of magnitude lower, and thus mostly neg-
ligible. Notice the phase jump by  at the angles 0° and 90°
where minima occur in the intensity. A similar picture not
shown here is found also for the case of the u state. The
small yield of the perpendicular component is physically rea-
sonable since we approximate the H2
+ molecular orbital as an
LCAO composed of spherically symmetric atomic orbitals.
Note that the experimental observation of nonparallel har-
monics relied on aligned CO2 molecules, for which the high-
est occupied molecular orbital is composed of nonspherical
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FIG. 2. Color online Orientation dependence of harmonic
phase and intensity for the H2
+ g ground state. The EX-SFA results
are depicted by continuous, black curves and the SP-SFA results are
shown by red, dashed curves. Panels a and d: 41st harmonic.
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FIG. 3. Color online Same as Fig. 2 for the u state.
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SFA is due to the fact that the electron momenta are not
strictly parallel to the laser field. Comparison of Figs. 4a
and 4b with Figs. 2a and 2b suggests that the variation
in the phase for the 61st harmonic is related to the two-center
interference although no such structure is visible in the har-
monic intensity of the perpendicular component.
The phase jump for a given harmonic can be visualized in
a complementary way: Fig. 5 shows the orientation depen-
dence of the complex harmonic amplitude of the 43rd and
61st harmonic for both the SP-SFA and EX-SFA calculations
as curves in the complex plane. The points corresponding to
0° and 90° are at the beginning and at the end of each line.
The phase jump occurs when the line passes by the origin.
The phase difference between the end points of the line is
almost equal to . It is remarkable that the curves are almost
straight lines in the complex plane, giving rise to near-
phase jumps.
IV. CONCLUSION
We have analyzed in this paper the predictions of the
strong-field approximation, without employing the saddle-
point method. This way, the full prediction power of the
model can be assessed. The differences with respect to the
SP-SFA results are non-negligible. Our EX-SFA approach
overcomes the limitations of the SP-SFA and allows to ana-
lyze the harmonic phases and amplitudes for all molecular
orientation angles and harmonic polarization directions. For
a given harmonic order, the orientation dependence of the
complex harmonic amplitude is an almost straight line in the
complex plane, explaining in an intuitive graphical manner
the phase jump close to . This means that the phase jump
by significantly less than  observed in the experiment 18
cannot be explained in the plane-wave SFA model. However,
the model does explain the smoothness of the phase jump
and it predicts a significantly broader width than Coulomb
effects. We conclude that even though Coulomb effects are
generally important, they appear to be of minor relevance as
far as the description of the width of the phase jump is con-
cerned.
One may expect that propagation effects affect the har-
monic phases, especially their absolute values, by macro-
scopic selection of certain trajectories. The orientation de-
pendence of the phases, however, results mainly from the
recombination step at the molecular level and, as we have
shown here, from the uncertainty in the recombination mo-
mentum due to non-saddle point dynamics. These effects are
present independent of the type of electron trajectory. Hence,
we expect that propagation effects will not undo the smooth
behavior of the phases. However, the short trajectories imply
less transverse spatial spreading of the electron wave packets
and thus a larger momentum spread for the recombining
electron. If propagation effects select the short trajectory, an
even smoother phase may therefore be expected.
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FIG. 4. Orientation dependence for the harmonics polarized per-
pendicular to the laser field EX-SFA results for the g state only.
Panels a and c show the 41st harmonic, b and d the 61st
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